Abstract. For any integer e and hyperbolic curve X over Q, Mochizuki showed that there are only finitely many isomorphism classes of hyperbolic curves Y of Euler characteristic e with the same universal cover as X. We use Arakelov theory to prove an effective version of this finiteness statement.
Introduction
In this paper we investigate finiteness results for hyperbolic curves with the same universal cover. In the terminology of [22] , two hyperbolic curves have the same universal covering scheme (see [8, 34] ) if they are "isogenous", i.e., share a common finite étale cover. More precisely, a curve Y is isogenous to a curve X if there exist a curve C, a finite étale morphism C → X and and finite étale morphism C → Y .
If X is a smooth quasi-projective connected curve over an algebraically closed field, we let X be its smooth compactification. Moreover, we let g X denote the genus of X. The Euler characteristic e(X) of X is given by 2 − 2g X − r, where r = #(X\X). The curve X is hyperbolic if and only if e(X) is negative. In particular, X is nonhyperbolic if and only if X is isomorphic to P 1 , A 1 , A 1 \ {0}, or an elliptic curve. Thus, if X is a curve over C, then X is hyperbolic if and only if the universal covering of the Riemann surface X(C) is isomorphic to the complex upper half-plane.
Mochizuki proved that, if X is a hyperbolic curve over Q and e is an integer, then the set of isomorphism classes of hyperbolic curves with Euler characteristic e which are isogenous to X is finite.
The aim of this paper is to prove an effective version of Mochizuki's finiteness result. This means that we establish an effective bound on the "height" of a curve Y in terms of X and e(Y ), under the assumption that Y and X are isogenous. To state our main result, we will need the Faltings height and the Belyi degree of a curve.
For X a smooth quasi-projective connected curve over Q, let h Fal (X) be the Faltings height of X (see Section 6) . This is an intrinsic invariant of X introduced by Faltings in [10] . It plays a central role in the study of (usual) isogenies of abelian varieties and Faltings's proof of the Mordell conjecture [10, 30] .
In [4] Belyi proved that there exists a finite morphism X → P 1 Q ramified over at most three points; we call such a morphism a Belyi map on X. We define the Belyi
Hyperbolic Deligne-Mumford curves
In this section we aim at giving the necessary definitions and results for what we need later (and we need at least to fix our notation) to prove Lemma 4.1.
A (smooth quasi-projective connected) curve X over k is hyperbolic if e(X) := 2 − 2g X − r is negative, where r is the number of points in X\X. Note that a non-hyperbolic curve over k is isomorphic to either an elliptic curve, P 1 k , A 1 k or G m,k . Also, if k = C, the universal covering space of (the analytic space associated to) a hyperbolic curve is the complex upper half-plane H.
A precise definition of a (smooth separated) Deligne-Mumford analytic stack over the category of complex manifolds is given in [3, Section 3.2] . As is explained in [3, Remark 3 .4], we do not gain any more generality from working over the larger category of complex analytic spaces if we restrict ourselves to smooth separated stacks. Note that a Deligne-Mumford analytic stack X is (representable by) a complex manifold if and only if all the stabilizers of X are trivial. If X is a smooth separated Deligne-Mumford algebraic stack over C, we let X an denote the associated DeligneMumford analytic stack (see [3, Section 3.3] ). We will use Noohi's stacky Riemann existence theorem to relate finite étale covers of X an with finite étale covers of X (see [24, Theorem 20.4 
]).
A smooth separated connected Deligne-Mumford (algebraic) stack over k is a Deligne-Mumford curve if it is of dimension one. By [3] , the universal covering space of the analytification X an of a Deligne-Mumford curve X over C is either isomorphic to the complex upper half-plane H, the complex line C, or a weighted projective line P(n, m) of type (n, m).
Let H be a Deligne-Mumford curve over k (with k an arbitrary algebraically closed field of characteristic zero). Then H is hyperbolic if there exists a finite étale morphism X → H with X a hyperbolic curve over k. Note that, by [3, Theorem 1.1], a Deligne-Mumford curve H over C is hyperbolic if and only if the universal covering space of the analytic stack associated to H is H.
Suppose that H is generically a scheme, i.e., the stabilizer at the generic point of H is trivial. Some authors refer to such Deligne-Mumford curves as connected (reduced) orbifold curves. Let H → H c be the coarse moduli space of H. Note that H c is a smooth curve over k. Let g H be the genus of the smooth compactification of H c , and let r H be the number of points in the boundary of H c . Let Σ H be the set of points of H c over which H → H c is not étale. For σ in Σ H , let i σ be the ramification index of H → H c at σ. We define the (compactly supported) Euler characteristic of H to be the rational number
Lemma 2.1. If H is a hyperbolic Deligne-Mumford curve over k which is generically a scheme, then
Proof. We follow the proof of [22, Lemma 5.4] . Firstly, by definition, there exists a finite étale morphism X → H with X a (smooth quasi-projective connected) hyperbolic curve over k. Let d be the degree of X → H c . Let g be the genus of the smooth compactification X of X, and let r = #X \ X. Let H c be the smooth compactification of H c . The Riemann-Hurwitz formula for X → H c implies that
As X is hyperbolic, the inequality 2g − 2 + r > 0 holds. Therefore,
We now proceed by a case-by-case analysis. In
. Therefore, to prove the lemma, we may assume that 2g H −2+r H = −2, in which case g H = r H = 0. Now, if Σ H has at least five elements, the inequalities |e(H)| ≥ hold. Also, if Σ H has precisely four elements, then |e(H)| ≥ . Finally, to prove the lemma, we can assume that Σ H has precisely three elements, say σ 1 , σ 2 and σ 3 . Note that it is never the case that two i σ 's are equal to two. Therefore, reordering the elements of Σ, we can assume that (2, 4, 5) , (3, 3, 6) , (3, 3, 5) , (3, 3, 4) }.
Note that in each case |e(H)| ≥ 1 42 . The lemma is proven.
The hyperbolic core
In this section, we follow [22, Section 2] and introduce the hyperbolic core of a hyperbolic curve.
Let X be a (smooth quasi-projective connected) hyperbolic curve over C with universal covering H → X(C). Let Γ X ⊂ PSL 2 (R) be the image of π 1 (X) → Aut(H) = PSL 2 (R). If Γ 1 and Γ 2 are subgroups of PSL 2 (R), we will write Γ 1 ∼ Γ 2 if Γ 1 and Γ 2 are commensurable in PSL 2 (R). That is, Γ 1 ∼ Γ 2 if and only if Γ 1 ∩ Γ 2 has finite index in both Γ 1 and Γ 2 . We now consider
We will say that a hyperbolic curve X is arithmetic if the (torsion-free) subgroup Γ X ⊂ PSL 2 (R) is of infinite index in Comm(Γ X ). Margulis proved that X is arithmetic if and only if Γ X ⊂ PSL 2 (R) is an arithmetic subgroup; see [16] . For basic facts on arithmetic groups we refer to Shimura [28] (see also [22, Section 2] ). Note that all arithmetic curves are hyperbolic (with this definition).
Let X be a hyperbolic non-arithmetic curve over C. Note that H is the universal covering of X (in the analytic topology). The quotient stack [Comm(X)\H] is the analytification of a Deligne-Mumford curve H X over C which is generically a scheme. The inclusion Γ X ⊂ Comm(X) induces a finite étale morphism X → H X of DeligneMumford curves. We follow [22] and call H X the hyperbolic core of X.
If k is an algebraically closed field of characteristic zero, we extend the notion of "arithmeticity" to hyperbolic curves over k in the obvious way. More precisely, we say that a hyperbolic curve X is arithmetic if there exist a subfield k 0 of C and a morphism k 0 → k such that X has a model X 0 over k 0 with the property that X 0,C is arithmetic. Note that if X is (hyperbolic and) arithmetic, then for any choice of k 0 , X 0 and k 0 → k the curve X 0,C is arithmetic (as the isomorphism class of X 0,C is determined by the isomorphism class of X over k). Moreover, any (smooth quasi-projective connected) curve isogenous to X is hyperbolic and arithmetic.
Isogenies of non-arithmetic curves
Let X and Y be curves over k. A pair (C → X, C → Y ) is an isogeny from X to Y if C → X is finite étale and C → Y is finite étale. We say that X and Y are isogenous if there is an isogeny from X to Y . Lemma 4.1. If X is a hyperbolic non-arithmetic curve over k and Y is a curve isogenous to X, then there exist a smooth quasi-projective connected curve C over k and finite étale morphisms C
Proof. We follow [22] . Firstly, we may and do assume that k = C. Then, as X is hyperbolic and non-arithmetic, the hyperbolic core H X of X is a well-defined Deligne-Mumford curve with trivial generic stabilizer. By [22, Proposition 3.2], we have an inclusion Γ Y ⊂ Comm(Γ X ). Define Γ C := Γ X ∩Γ Y , where the intersection is taken in Comm(X). Let π X : C → X and π Y : C → Y be the associated finite étale morphisms, where
Therefore, by Lemma 2.1,
This proves the lemma.
Isogenies of arithmetic curves
In the previous section we showed (following the methods of Mochizuki [22] ) how to find an isogeny of bounded degree between two isogenous non-arithmetic curves. In this section we extend these results to arithmetic curves.
To prove that there exists an isogeny of bounded degree betweeen two isogenous arithmetic curves, we use standard arguments due to Takeuchi (which are now extensively used in the literature [29, 35] ). To be more precise, we will use Takeuchi's methods [31, 32] to construct explicit isogenies, and then bound the degree of this isogeny using Odlyzko's bounds for root discriminants of number fields [25] and Shimizu's mass formula [27] . These methods were used by Takeuchi (see [32] 
Lemma 5.1. Let X be an smooth quasi-projective connected arithmetic curve over k and let g X be the genus of its smooth compactification X.
(1) If X is affine, there exist a smooth projective connected curve C over k, a Belyi map π 1 : C → P 1 k and a finite morphism π 2 :
(2) If X is projective and Y is a curve isogenous to X, then there exist a smooth projective connected curve C over k and finite étale morphisms
Proof. To prove the result, we may and do assume that k = C. Let X be an arithmetic curve over C. We start with some general observations due to Takeuchi [31] . By assumption, the subgroup Γ X ⊂ PSL 2 (R) is arithmetic (see Section 3 for the notation). Define Γ (2) X ⊂ Γ X to be the subgroup generated by {δ 2 | δ ∈ Γ X }. In [31, Section 3] Takeuchi proves that the field F obtained by adjoining the elements tr(γ) with γ ∈ Γ (2) X to Q is a totally real number field. Also, there exist a quaternion algebra A over F which is trivial at only one of the infinite places of F and a trivialization of A at the trivial infinite place such that the image of
X ] is an order of A (with O F the ring of integers of F ), there exists a maximal order O of A such that Γ (2) X is a subgroup of the image of the group Γ(O, 1) in M 2 (R), where
and nrd is the reduced norm of A over F . Let C be a complex algebraic curve with analytification Γ (2)
X ⊂ Γ X , there is a finite étale morphism q : C → X. Similarly, let X(F, A, O) be a complex algebraic curve with analytification Γ(O, 1)\H. Then, the canonical inclusion Γ (2) X ⊂ Γ(O, 1) induces a finite étale morphism p : C → X (F, A, O) . We obtain the following diagram of finite étale morphisms:
t t t t t t t t t
Note that deg q is bounded from above by the index of Γ X in Γ X is at most 4 · 2 2g X . We conclude that deg q ≤ 2 2g X +2 . Now, following the arguments of Takeuchi [32, p. 383-384], we will show that
To do so, we use Shimizu's formula [27] . Write n = [F : Q] and d F for the absolute value of the discriminant of F . Also, let D A be the discriminant of the quaternion algebra A over F (which is defined to be the product of all maximal ideals p of O F such that A ramifies at p). Furthermore, let ζ F be the Dedekind zeta function of the number field F . Since X(F, A, O) is the quotient of H by a cofinite Fuchsian group, the volume of the Riemann surface Vol(X(F, A, O)) (induced by the standard volume form on H) is a well-defined real number. As in [32, Equation 2.4], Shimizu's formula gives an expression for the volume of X(F, A, O). which reads
Then, as in [32, Equation 2 .5], we use Riemann-Hurwitz and the diagram above to see that
We now invoke Odlyzko's explicit lower bound for the discriminant of a totally real number field [25, Theorem 1. (2)] to see that
n exp(−70).
In particular,
Therefore, the sought upper bound (5.1) for deg p follows from
We conclude that, if Y is a curve isogenous to X, then there exist a smooth projective connected curve C ′ , a finite étale morphism p ′ : C ′ → X(F, A, O) and a finite étale morphism q ′ :
We now use this to prove the lemma. If X is affine, then the curve X(F, A, O) is affine. Therefore, by [2] , up to conjugation by the action of GL 2 (R), we have that F = Q and A = M 2 (Q). In particular, X(F, A, O) = Y (2). Let Y (2) → P 1 \ {0, 1, ∞} be the isomorphism induced by the λ-function on H. This extends to an isomorphism X(F, A, O) = X(2) → P 1 . Let C be the smooth compactification of the smooth quasi-projective connected algebraic curve (whose analytification is) Γ (2) \H, and let π 2 : C → X be the natural extension of the finite morphism q : C → X. Note that deg π 2 = deg q ≤ 2 2g X +2 . Furthermore, the composed morphism π 1 : C → X(2) → P 1 is a Belyi map of degree at most deg π 1 = deg p ≤ 10 46 2 2g X +3 |e(X)|. This concludes the proof of the first part of the lemma.
Finally, to prove the second statement, let us assume that X is projective and that Y is a curve isogenous to X. As explained above, we then have a diagram
In particular, if C is a connected component of the smooth quasi-projective onedimensional scheme C ′ × X(F,A,O) C, then we get
t t t t t t t t t t t
π C ′ % % ❑ ❑ ❑ ❑ ❑ ❑ ❑ ❑ ❑ ❑ ❑ C q ⑧ ⑧ ⑧ ⑧ ⑧ ⑧ ⑧ ⑧ p $ $ ❏ ❏ ❏ ❏ ❏ ❏ ❏ ❏ ❏ ❏ C ′ p ′ y y t
t t t t t t t t t
This concludes the proof of the lemma.
The Faltings height and the Belyi degree
Let K be a number field with ring of integers
where s is any non-zero element of L. Note that this is a well-defined real number attached to (L, · ), as independence of the choice of s follows from the product formula. Let A be a g-dimensional abelian variety over K and let A be the Néron model of A over O K . Then we have the locally free O K -module Cot 0 (A) := 0 * Ω A/O K of rank g, and hence the invertible O K -module of rank one:
For each complex embedding σ : K → C, we have the scalar product on
ωη.
The relative Faltings height of A over K is then defined to be the Arakelov degree of the metrized line bundle ω A ,
To define the "stable Faltings height" of A, let L/K be a finite field extension such that A L has semi-stable reduction over O L . Then the stable Faltings height of A is defined to be
We now define the Faltings height as a real-valued function on the set of Qisomorphism classes of abelian varieties over Q. Let A be an abelian variety over Q. Let K be a number field such that the abelian variety A has a model A 0 over K with semi-stable reduction over O K . Then the Faltings height of A is defined as h Fal (A) := h Fal,s (A 0 ). This is a well-defined real number attached to the isomorphism class of A over Q; see [23, Section 5.4] .
Let X be a smooth projective connected curve over Q. We define the Faltings height h Fal (X) of X to be the Faltings height of its Jacobian Jac(X) = Pic
. If the genus of X is positive, one can also compute the Faltings height of X without passing to the Jacobian as follows. Let K be a number field such that the minimal regular model p : X → Spec O K of X over O K is semi-stable. We endow det p * ω X /O K with the Faltings metric [11] . Then
see [30, Lemme 3.2.1, Chapitre 1]. The next result implies an Arakelov-theoretic effective version of the classical theorem of De Franchis-Severi which states that, for X a smooth projective connected curve, the set of isomorphism classes of projective hyperbolic curves Y which are dominated by X is finite. This result is not new; for lack of reference we include a proof.
Lemma 6.1. If f : X → Y is a finite morphism of projective curves over Q, then
Proof. Note that f * : Jac(Y ) → Jac(X) and f * :
is multiplication by deg f on Jac(Y ). Let K be the kernel of f * and note that K is a smooth proper group scheme over Q whose identity component K 0 is an abelian subvariety of Jac(X). Let
be the morphism of abelian varieties given by φ(P, Q) = f * (P ) + Q. It is not hard to show that φ is an isogeny of degree at most (deg f ) 2g Y . Indeed, as f * is surjective,
In particular, to show that φ is an isogeny of degree at most (deg f ) 2g Y it suffices to show its kernel has at most (deg f ) 2g Y elements. To do so, note that
where we used that f * f * = [deg f ] to obtain the last equality. Now, since φ is an isogeny of degree at most (deg f ) 2g Y , we have
where we used that, if ψ : A → B is an isogeny of abelian varieties over Q, then 
holds. Finally, we use that dim K 0 = g X − g Y and apply the lower bound of Bost
A finite morphism X → P 1 Q is a Belyi map (on X) if it ramifies over at most three points. In [4] Belyi showed that there exists a Belyi map on X. Recall that the Belyi degree deg B (X) of X is the minimal degree of a Belyi map X → P 1 Q on X. Important to us is the fact that the set of isomorphism classes of smooth projective connected curves of bounded Belyi degree is finite. Lemma 6.2. For all real numbers C, the set of isomorphism classes of projective curves X over Q such that deg B (X) ≤ C is finite.
Proof. As the topological fundamental group of P 1 (C) − {0, 1, ∞} is finitely generated, for all integers d, the set of isomorphism classes of degree d finite étale covers of P 1 (C) − {0, 1, ∞} is finite. Since the base-change functor from Q to C from the category of finite étale covers of P 1 Q − {0, 1, ∞} to the category of finite étale covers of P 1 C − {0, 1, ∞} is an equivalence, this concludes the proof of the lemma. The next result in Arakelov theory gives an effective version of Lemma 6.2. Its proof relies on arithmetic properties of the Weierstrass divisor [7, Theorem 5.9 ], Lenstra's generalization of Dedekind's discriminant theorem [13, Proposition 4.1.1], sup-norm bounds for the hyperbolic and the Arakelov metric [14] , and a theorem of Merkl on Arakelov-Green's functions [20] . Lemma 6.3. If X is a smooth projective connected curve over Q, then
Proof. Let g be the genus of X. By [13, Theorem 1.1.1], the inequality
holds. Note that Riemann-Hurwitz implies g ≤ deg B (X). This proves the lemma.
Remark 6.4. Results similar to Lemma 6.3 (and its analogue for the "self-intersection of the dualizing sheaf e(X)") were proven for certain modular curves and Fermat curves in [1] , [9] , [15] , [19] , [21] , and [33] .
Remark 6.5. In [5] Bilu and Strambi also prove an effective version of Lemma 6.2 in which they bound the "naive" height of the curve X in terms of the Belyi degree.
7. Proof of Theorem 1.1
We start by proving bounds for heights of curves isogenous to an affine arithmetic curve.
Proposition 7.1. If X is a smooth affine connected arithmetic curve over Q with smooth compactification X, then h Fal (X) ≤ 10 300 2 14|e(X)| e(X) 6 Proof. By Lemma 5.1, there exist a smooth projective connected curve C over Q, a Belyi map π 1 : C → P 1 Q and a finite morphism π 2 : C → X such that deg π 1 ≤ 10 46 2 2g X +3 |e(X)|, deg π 2 ≤ 2 2g X +2 .
We first bound the height of X in terms of the height of C. More precisely, by the effective version of De Franchis-Severi (Lemma 6.1),
We now use that the Faltings height can be bounded explicitly in terms of the Belyi degree (Lemma 6.3) to see that h Fal (C) ≤ 10 9 deg B (C) 6 .
Since π 1 : C → P 1 is a Belyi map and g C ≤ deg B (C), we conclude that h Fal (X) ≤ h Fal (C) + g C log(2π deg π 2 ) Note that the hyperbolicity of X implies that g X ≤ |e(X)|. As 2 23 ≤ 10 8 , this proves the proposition. This concludes the proof of the theorem.
